The onset of chaos and the mechanism of rotational damping are studied in an exactly soluble particle-rotor model. It is shown that the degree of chaoticity as inferred from the statistical measures is closely related to the onset of rotational damping obtained using the model Hamiltonian.
Introduction
The study of quantum chaos in many-body problems using the random matrix theory (RMT) [1] is now an established field of research in physics [2, 3] . It is known that the statistical properties of a quantum many-body system which follow the predictions of RMT have chaotic behaviour in the classical phase space [4] . This behaviour of a quantum many-body system was first observed for the neutron resonance states of compound nuclei [5] . It was shown that the fluctuation properties of the neutron resonance states follow the Gaussian Orthogonal Ensemble (GOE) statistics which is one of universal classes of RMT. The statistical analysis of the nuclear states which are populated through γ-decay has also been performed [6] [7] [8] [9] [10] [11] [12] . It has been demonstrated using different theoretical approaches that at low-excitation energies the statistical analysis depicts a Poissonian distribution which corresponds to underlying regular classical motion. However, at high-excitation energy the distribution follows the GOE statistics, implying that the underlying classical motion is chaotic. This correlation between the statistical distribution and the classical motion has been obtained for a large class of physical systems [3] .
However, the important question in the study of quantum chaos, which has remained largely unanswered, is: what are the fingerprints of quantum chaos in measurable quantities? It has recently been demonstrated [8] that, in a nuclear system, the overlap-integral between the wave functions of the neighbouring rotational states can provide a measure of the degree of chaoticity. However, the overlap-integral is not directly a measurable quantity. What is needed to be calculated is the electromagnetic-transitions between the two states. In the previous work [8] , the cranking mean-field model was used to calculate the overlaps. The cranking wave function does not have a well-defined angular momentum, and in principle, is not appropriate to study the electromagnetic transition probabilities. In order to avoid any errors due to usage of mean-field approximation, in the present work, we have developed a particle-rotor model (PRM) approach in which angular momentum is strictly conserved. We would like to use the PRM wave functions to study the consequences of the chaotic motion on the electromagnetic transitions.
It should be mentioned that the question of rotational damping has also been addressed recently by other authors [9] [10] [11] and it has been shown that the phenomenon of rotational damping observed in deformed nuclei is a possible manifestation of quantum chaos. In these analysis, the rotational bands were obtained as the intrinsic excitations of a Cranked-Nilsson mean-field potential. In order to obtain the rotational damping, the bands were mixed using a two-body residual interaction. Since in the cranked mean-field approaches, as already mentioned, angular momentum is not a conserved quantity, these calculations are suitable for very high-spin states for which cranking becomes a good approximation to the angular momentum projection method.
The purpose of the present work is to present an alternative analysis of the rotational damping using the particle-rotor model. Pairing is explicitly included in the present calculations and, therefore, the results discussed are applicable to all the spin regimes. Furthermore, we use the same Hamiltonian for obtaining the bands structures as well as the rotational damping. In the earlier studies [9] [10] [11] , the Nilsson potential was used to obtain the intrinsic bands and the rotational damping was then calculated with a residual two-body interaction.
The exact analysis in the PRM limits the configuration space that can be employed in the numerical studies. Therefore, we shall work in a model space of a deformed single-j shell as has been done in the earlier studies [7, 8] . This would imply that our results cannot be compared directly with the experimental data. The main essence of the present work would be to draw a connection between the mechanism of rotational damping and the chaotic features in an exactly soluble model.
The manuscript is organized as follows: In the next section, we give some relevant details of the PRM. The PRM is a standard model and the discussion of this approach can be found in the textbooks, for example in Ref. [13] . We shall, therefore, only give the relevant expressions for the quantities which are used in the present work. The results of the calculations are presented and discussed in section III. Finally, the present study is summarized in section IV.
Particle-rotor model
The basic philosophy of the PRM [13] is to consider the nucleus as a core with a few valance particles. In most of the cases, the core is assumed to be inert with fixed properties. The Hamiltonian of the PRM is written as the rotor plus the particle part
The quantity θ in Eq. (2) is the moment of inertia of the core andR is the angular momentum of the core. In the present work, we shall consider the axially-symmetric core with the z-axis as the symmetry-axis.Ĥ rot in Eq. (2) can be explicitly rewritten aŝ
whereÎ =R +Ĵ is the total angular momentum andĴ is the angular momentum of the valance particles. The particle part of the Hamiltonian (1) is given bŷ
The strength of the two-body interaction is G = g R 4 nl r 2 dr and the deformation energy κ is related to the deformation parameter β through [14] 
wherehω 0 is the harmonic oscillator frequency of the deformed potential and N the quantum number of the major shell. For the case of i 13/2 shell, κ=2.5 approximately corresponds to β = 0.28.
The wave function of the PRM is given by
where
The wave function |φ K i is the solution of the intrinsic particle Hamiltonian, H part . For K = 0, these states have well-defined symmetry with respect to rotation about the x-axis, e −ıπĴ 1 .
The wave function obtained by diagonalizing the Hamiltonian, Eq. (1), is used to evaluate the electromagnetic transition probabilities. The reduced electric transition probability B(EL) from an initial state (I i ) to a final state (I f ) is given by
where the reduced matrix element can be expressed as
The quantity φ K f |Q L q ′ (int)|φ K i is the matrix-element of the quadrupole operator in the intrinsic frame, which can be readily calculated using the wave function of the particle HamiltonianĤ part . Q 0 in Eq. (9) is the quadrupole moment of the core.
Results and discussions
The PRM calculations have been performed for six valance particles with the standard parameters : G = 0.45 MeV and θ = 24h
2 MeV −1 . These parameters have been used in most of the earlier studies and are considered to be reasonable for the j = 13/2 model space [15] . In order to study the deformation dependence, the PRM calculations have been done with two sets of deformation values, κ = 2.5 and 6.0 MeV. These deformation values correspond to the normal and superdeformed shapes. The results of the statistical analysis and the rotational damping are presented in the following subsections.
Statistical analysis
The spectral rigidity statistics of Dyson and Mehta [1] ,∆ 3 (L), measures the long-range correlation of the unfolded levels
where N u is the cumulative level density of the unfolded levels X i . We average
, in a way as outlined in Refs. [4, 16] . For ordered systems∆ 3 (L) = L/15, and for fully chaotic ones
The explicit calculation of the spectral rigidity was done with the method described in Ref. [17] .
The spectral rigidity for a mixed statistics [18] is given by
The b and q parameters of the NND distributions and the spectral rigidity are determined by least-squares fits to the numerical results. The errors in the best-fit values of these parameters were estimated by the method of maximum likelihood and the use of constant χ-squared boundaries as a confidence limit [19] .
In Figs. 1 For the results for κ = 2.5 MeV, corresponding to normal deformation, Fig.  1 indicates that at low-spin values of I = 10 and 12, ∆ 3 values closely follow the curve expected for the GOE distribution. It is noted that the GOE statistics is obtained at all excitation energies. Therefore, the classical motion is fully chaotic for low-spin values. For high angular momenta close to I = 60, the results with all the eigen-values deviate from the GOE curve and, therefore, indicating that the underlying classical motion is less chaotic. However, the results also show that the motion becomes more chaotic at higher excitation energies. The ∆ 3 values for the set 401-801 eigen-values, shown by lower triangles, are more close to the curve expected for the chaotic motion. The generic property that the system tends to become regular with increasing angular momenta is a consequence [7] of the decoupling of the particle spins from the deformation axis of the rotor. As the nuclear system rotates faster, more and more particles tend to align their spins along the same direction of the rotation axis, which causes the system to become more regular. The results for the intermediate spin values of I = 30 and 32 appear slightly less chaotic as compared to I = 10 and 12, when considering all the eigen-values, but are similar to low-spin values at higher excitation energies.
In Fig. 2 , the results for κ = 6.0 MeV, corresponding to superdeformation, indicate that for the low spin values of I = 10 and 12, the motion is less chaotic as compared to Fig. 1 . At low-excitation energy, the results appear significantly less chaotic, but at higher excitation energy the motion tends to become chaotic. At higher spins, the results appear to be similar to those of Fig. 1 .
Distribution of E2 transitions
At low excitation energies, the E2 transition from a given state populates one particular state at a lower-spin. However, at high-excitation energies, it is known that a given state populates several states. This fragmentation of the E2 strength is referred to as the rotational damping. It has been shown using the cranking model that the onset of rotational damping at a given excitation energy is related to the underlying chaotic motion [9] [10] [11] . In the present work, we shall also try to investigate this relationship.
In order to evaluate rotational damping, the B(E2) values have been calculated for a range of initial and final states. We considered three sets of initial states, which represent the three energy sets considered in the statistical analysis of the eigen-values in Figs The results of the B(E2) for i = 26 depict a peak value at around the final state f = 26, with very small contribution from the neighboring final states. For the initial state of i = 300, the B(E2) is very fragmented; there are many states to which this state decays into. For the initial state of i = 600, the fragmentation is even higher. On comparing the results of three transitions of I i = 12 → I f = 10, I i = 32 → I f = 30 and I i = 62 → I f = 60 in Fig. 1 , it is noted that the degree of fragmentation decreases with increasing angular momentum.
The B(E2) results with a core quadrupole moment of Q 0 = 2.5 barn, shown in Fig. 4 , depict a substantially reduced fragmentation as compared to Fig. 3 . The B(E2) value peaks for one particular transition for which the initial state is same as that of the final state. This can be easily understood from Eq. (9), since for the core contribution only the diagonal term for which K i = K f contributes. The fragmentation arises from the terms of the intrinsic quadrupole operator (Q ±1 , Q ±2 ) of Eq. (9) 
Rotational damping
Rotational damping is measured through the branching parameter n [10]
where B(E2, I i → I j ) transition probability is defined in Eqs. (8) and (9) . In order to evaluate n, it is required to calculate the B(E2) transition from one particular state to all the states which are allowed by the selection rules of the γ−ray radiation. Considering a case where it decays to only one state (as is true at low-excitation energy), n is equal to one if the B(E2)'s are normalized. For the case where a given state decays to two possible states with equal probabilities, n is equal to 2. This implies that for n less than 2, the band structure is discrete and each given state decays only to one state at a lower excitation energy. n greater than 2 corresponds to rotational damping, signifying that B(E2) transition strength from a given state populates two or more states at a lower spin.
The branching parameter n for κ = 2.5 MeV is presented in Table I for a range of initial states. In order to avoid local fluctuations, the n value has been calculated by averaging over the neighboring states. In Table I , the number 1 −10 in the first column, for example, indicates that n has been calculated by averaging over the initial eigen-states from 1 to 10. Of course, all possible final states have been used to calculate n from each initial state before averaging.
The second column of Table I gives the results of n for the transition I i = 12 → I f = 10. It is observed from Table I that n with no core quadrupole moment becomes greater than 2 even at a very low excitation energy and increases with increasing excitation energy. For the case with a core quadrupole moment, Q 0 = 2.5 barn, there is no damping at low-excitation energy and n increases very slowly as compared to the case with no quadrupole moment. This suppression of the rotational damping with a core contribution indicates that the damping is essentially determined by the contribution of valence particles.
For the second set of initial states from i = 275 to 324, the value of n has now increased to more than 100 and for the third set of states from i = 575 to 625, n has increased further. In general, we note that n increases with increasing excitation energy. However, for the case 615 − 625, n has in fact decreased. This drop in n can be understood from the fact that the present model space is finite, and as we reach the top of the shell, the level density decreases [7] . In a realistic model, the level density should increase with increasing excitation energy.
In the third column of Table I , n is given for the transition I i = 32 → I f = 30. n is now reduced as compared to the transition I i = 12 → I f = 10. In the last column, the results are presented for the transition I i = 62 → I f = 60. The numbers are now considerably reduced. For the results with a core quadrupole moment, Q 0 = 2.5, rotational damping is completely absent at low excitation energy, n is less than 2 for almost all the first set of states.
The results of the rotational damping for κ = 6 MeV are presented in Table  II for the three transitions as studied for κ = 2.5 MeV. For the transition I i = 12 → I f = 10 the damping is observed at a higher excitation energy. For the transitions I i = 32 → I f = 30 and I i = 62 → I f = 60, the results appear to be similar to Table I . These findings are consistent with the conclusion drawn in the previous figures.
Summary and conclusions
In the present study, we tried to address a fundamental issue on the observable consequences of quantum chaos in rotating nuclei. It is now well accepted that the statistical analysis of a quantum many-body system can provide the important information on the underlying motion. In case that the statistical distribution follows GOE statistics, the underlying motion is considered to be chaotic, and for the case where the statistical distribution is Poissonian, the underlying motion is regarded to be regular. This statistical distribution has been studied for a wide range of physical systems. For the case of rotating nuclei, it is known that at low-excitation energy, the motion is regular, but with increasing excitation energy the motion tends to become chaotic. The angular momentum dependence of the statistical distribution has also be studied and it has been shown that for low angular momenta, the distribution follows GOE and for higher angular momenta the distribution is Poissonian.
The important issue that needs to be explored is what observable quantities will be sensitive to the changes in the underlying motion of a physical system. It has been recently shown that the phenomenon of rotational damping observed in rotating nuclei may provide a valuable information on the underly-ing motion. In the present work, we have investigated the rotational damping and the statistical distribution for measurable quantities in an exactly soluble model with conserved angular momentum. We consider that it is important to make an exact study since any approximation may lead to different errors in the calculation of the rotational damping and the statistical distributions. Consequently, it may not be possible to make a comparison of the two calculated quantities in an accurate manner.
To summarize, in the present work, we have employed the particle-rotor model with particles in a deformed single-j shell of i 13/2 , which interact through a two-body delta-interaction. The model has been solved exactly with different input parameters. Within this model space, the present analysis has shown a clear correspondence between the mechanism of rotational damping and the onset of chaos in rotating nuclei. In particular, we have observed the following similarities:
(1) increase in rotational damping with excitation-energy and the corresponding increase in the degree of chaoticity; (2) decrease in rotational damping with increasing angular momentum and the corresponding decrease in the degree of chaoticity; (3) decrease in rotational damping with increasing deformation and the corresponding decrease in the degree of chaoticity.
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